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Abstract
In this paper we look for closed expressions to calculate the num-
ber of colourings of prime knots for given linear Alexander quandles.
For this purpose the colouring matrices are simplified to a triangular
form, when possible. The operations used to perform this triangu-
larization preserve the property that the entries in each row add up
to zero, thereby simplifying the solution of the equations giving the
number of colourings. When the colouring matrices (of prime knots
up to ten crossings) can be triangularized, closed expressions giving
the number of colourings can be obtained in a straightforward way.
We use these results to show that there are colouring matrices that
cannot be triangularized. In the case of knots with triangularizable
colouring matrices we present a way to find linear Alexander quandles
that distinguish by colourings knots with different Alexander polyno-
mials. The colourings of knots with the same Alexander polynomial
are also studied as regards when they can and cannot be distinguished
by colourings.
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1 Introduction
The number of quandle colourings of a knot diagram is a well known and
rich invariant of a knot [4]. An interesting class of quandles are the linear
Alexander quandles given by two coprime integers n and m. A closely re-
lated invariant of the knot is its Alexander polynomial [1] and in this article
we clarify a number of points about the precise relationship between the
two invariants. Note that if the Alexander polynomial is replaced by the
collection of all Alexander polynomials, then by a result of Inoue [11] these
completely determine the number of quandle colourings for any Alexander
quandle, linear or otherwise.
Although ingenious methods may be used to find the number of quandle
colourings of a knot diagram the simplest (and fastest) is to use a general
formula giving that number. In this article we find general expressions for the
number of colourings which apply to all prime knots up to ten crossings with
the exception of 12 knots. This simply involves finding an analytical solution
of the equation AX = 0 for a simplified (triangularized) matrix obtained
from the colouring matrix. The simplification uses standard transformations
(multiplication of rows by units, adding rows and swapping rows or columns)
but we do not allow general operations on columns for the reason that such
operations do not preserve the property that the entries in any row in the
colouring matrix add up to zero. This property is useful since it facilitates
the solution of the equations. The triangularized matrices were obtained us-
ing the Mathematica programming environment. Using the same algorithms
we also simplified the matrices that we were unable to triangularize. Fur-
thermore we show that some of these matrices cannot be triangularized. The
simplified matrices are related to the presentation matrices in Kawauchi’s A
Survey of Knot Theory [15] since they are obtained with similar, although
less general, types of operations.
The formulae for the number of colourings allow us to draw some conclusions
about properties of knots and their colourings using linear Alexander quan-
dles: knots with triangularizable colouring matrices and different Alexander
polynomials can always be distinguished by colourings and we conjecture
that this is true if the triangularizability condition is dropped. On the other
hand there are classes of knots with the same Alexander polynomial that can-
not be distinguished by linear Alexander quandles and other classes with the
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same Alexander polynomial which can be distinguished by such colourings.
The structure of this article is as follows. In section 2 we recall the ba-
sic notions of quandles ([12], [18]), in particular linear Alexander quandles,
colourings of knot diagrams ([2], [4], [10], [11], [17], [19]), the colouring matrix
and the Alexander polynomial ([1], [16]).
Section 3 presents the two types of triangularized matrices found when con-
sidering colouring matrices for prime knots up to ten crossings and section 4
compares these matrices with those in [15]. Section 5 presents the expressions
giving the number of colourings when the colouring matrices are triangular-
izable. In section 6 we compare the number of colourings for knots with the
same Alexander polynomial. In section 7 we see that it is useful to simplify
colouring matrices even if they cannot be triangularized and in section 8 we
prove that there are colouring matrices that cannot be triangularized. In
section 9 we prove that knots with different Alexander polynomials and tri-
angularizable colouring matrices are distinguished by colourings. In section
11 we conclude and discuss further work. In the appendix we present the
simplified matrices, obtained from the colouring matrices, which are needed
for the expressions.
2 Background
In this section we recall the definition of a quandle and the notion of coloring
of a diagram. Since the knot quandle is a classifying invariant for knots
(introduced independently by Joyce and Matveev - see [12] and [18]), the
number of colorings associated to a knot diagram is a knot invariant. Later
we present the notions of finite Alexander quandle, Alexander polynomial
and linear finite Alexander quandle.
2.1 Quandles and colourings
Colourings of the arcs of oriented knot diagrams with elements of a quandle
generalize mod p labellings of the arcs, that, in turn, generalize the colorabil-
ity invariant of R. Fox (with p = 3 colours). They are also a generalization
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of arc labellings of oriented knot diagrams with group elements (see, for in-
stance [16]). At each crossing the quandle elements labelling the arcs are
related by the quandle operation ∗. The number of colourings is a knot in-
variant since different diagrams of the same knot have the same number of
colourings using a given quandle. Indeed, the definition of a quandle con-
sists of precisely those properties of the binary operation ∗ that ensure that
colourings are preserved under the Reidemeister moves.
Definition 1 (Quandle) A quandle is a set X endowed with a binary oper-
ation, denoted ∗, such that:
(a) for any a ∈ X, a ∗ a = a
(b) for any a and b ∈ X, there is a unique x ∈ X such that a = x ∗ b
(c) for any a, b and c ∈ X, (a ∗ b) ∗ c = (a ∗ c) ∗ (b ∗ c)
The definition of colouring of a knot diagram follows.
Definition 2 (colouring of a knot diagram) Let X be a fixed finite quandle,
K a knot (assumed to be oriented),
→
D a diagram of K and R→
D
the set of arcs
of
→
D. A colouring of a diagram
→
D is a map C : R→
D
−→ X such that, at each
crossing:

r 7→y

r1 7→x

r2 7→x∗y

r1 7→x

r3 7→x∗′y

r 7→y
i.e. if C(r1) = x and C(r) = y, then C(r2) = x ∗ y for the crossing on
the left, and for the crossing on the right, if C(r1) = x and C(r) = y,
then C(r3) = x ∗′ y where given x, y, x ∗′ y is the unique element such that
x = (x ∗′ y) ∗ y.
Colourings of knot diagrams using quandles are knot invariants in the fol-
lowing sense.
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Theorem 3 Let Q be a fixed finite quandle, K a knot
and
→
D and
→
D′ oriented diagrams of K. Then the number of colourings C :
R→
D
−→ Q of diagram →D using Q is equal to the number of colourings C ′ :
R→
D′
−→ X of diagram
→
D′ using Q.
For a more complete discussion of the results above and related topics see
[4], [11], [13], [17] and [19].
2.2 Finite Alexander Quandles
Finite Alexander quandles have the form Zn[t, t
−1]/h(t) where n is an inte-
ger and h(t) is a monic polynomial in t. These quandles have as elements
equivalence classes of Laurent polynomials with coefficients in Zn, where two
polynomials are equivalent if their difference is divisible by h(t). The quandle
operation is a∗ b = ta+(1− t)b. Note that this means equality of quandle el-
ements, i.e. equivalence classes of Laurent polynomials. Recall that c = a∗′ b
is defined to mean the same as a = c ∗ b. From this it follows easily that
a ∗′ b = t−1a+ (1− t−1)b.
For finite Alexander quandles the colouring condition at each crossing states
that the label of the emerging arc is expressed as a linear combination of
the labels of the other two arcs. Therefore one uses matrices to organize the
colouring conditions (equations).
For that purpose it is important to have an enumeration of the arcs and an
enumeration of the crossings. Any enumeration will do. However, we will
use for arcs an enumeration that assigns i + 1 to the emerging arc where i
is the number assigned to the under arc (see next figure), except for the last
crossing when the emerging arc is already labelled (by 1). The enumeration
for crossings is also arbitrary. We will use the enumeration suggested by
the enumeration of arcs, i.e. the k-th crossing is the one with under arc also
labelled k.

j

i

i+1

j

j+1

i
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Let Xk be the label (in the quandle) of arc k. Then the colouring conditions
can be written as follows:

Xj

Xi

Xi+1=Xi∗Xj

Xj

Xj+1=Xj∗
′Xi

Xi
The condition Xi+1 = Xi ∗ Xj is Xi+1 = tXi + (1 − t)Xj or, equivalently,
tXi+(1− t)Xj−Xi+1 = 0. The condition Xj+1 = Xj ∗′Xi is Xj+1 = t−1Xj+
(1− t−1)Xi and can be equivalently written t−1Xj + (1− t−1)Xi−Xj+1 = 0.
Given a (oriented) diagram
→
D of a knot K, we can write the colouring con-
ditions as a matrix equation
AX = 0
where X is the vector of colouring unknowns (X1X2 . . .Xi . . . ) and each row
in the matrix A represents a colouring condition for one crossing in
→
D. We
will call the matrix A a colouring matrix. For example,


t−1 −1 0 1− t−1
1− t t −1 0
0 1− t−1 t−1 −1
−1 0 1− t t




X1
X2
X3
X4

 =


0
0
0
0


is the matrix equation corresponding to the following diagram of the knot 41
(the figure-8 knot):
3
4
 1 2
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Remark 4 Obviously the number of colourings of a diagram in a linear
Alexander quandle is the number of solutions of AX = 0.
Remark 5 Instead of writing the condition Xj+1 = Xj ∗′ Xi as Xj+1 =
t−1Xj + (1 − t−1)Xi one could recall that Xj+1 = Xj ∗′ Xi is equivalent to
Xj = Xj+1 ∗ Xi and this can be written as Xj = tXj+1 + (1 − t)Xi or as
tXj+1 −Xj + (1 − t)Xi = 0. This remark will be useful in the next section.
In this case the matrix defining the colouring conditions for 41 is:


−1 t 0 1− t
1− t t −1 0
0 1− t −1 t
−1 0 1− t t


2.3 The Alexander Polynomial
The Alexander polynomial AlexK(t) ([1]) of a knot K is a knot invariant
that is computed as follows ([16]). First pick an oriented diagram
→
D for K.
Number the arcs of the diagram, and separately number the crossings. Next,
define an N × N matrix, where N is the number of crossings (and arcs) in
the diagram, according to the following procedure:
If the crossing numbered l is right-handed with arc i passing over arcs j and
k, as illustrated below by the diagram on the left, enter 1 − t in column i
of row l, enter −1 in column j of that row, and enter t in column k of the
same row. If the crossing is left-handed, as illustrated by the diagram on the
right, enter 1− t in column i of row l, t in column j and enter −1 in column
k of row l. All of the remaining entries of row l are 0. (An exceptional case
occurs if any two of i, j or k are equal. In this exceptional case the sum of
the entries described above is put in the appropriate column).
i
??
k
j
__
k
j
??
i
__
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Remark 6 We can think of the rules defining the rows in the matrix above
as an implicit way of defining a condition on the colourings of the arcs. If,
as before, Xi, Xj and Xk denote unknowns for colourings of the arcs i, j
and k respectively, then the rule for row l of a right-handed crossing can
be equivalently written as (1 − t)Xi − Xj + tXk = 0. This is the same as
Xj = tXk + (1− t)Xi. This in turn is equivalent to Xj = Xk ∗Xi. The rule
for the left-handed crossing translates to (1− t)Xi+ tXj−Xk = 0 and this is
the same as Xk = Xj ∗Xi. If we write Xj in terms of Xk and Xi, we obtain
Xj = Xk ∗′ Xi. This can also be written as Xj = t−1Xk + (1 − t−1)Xi. The
original equation (for the left-handed crossing) can be recovered by multiplying
by −t. Note that this changes the determinant of A by factors of −t. This
does not change the Alexander polynomial (see definition 7 below) that is
defined up to products of ±t. Note also that the exceptional cases are no
longer “exceptional” - they consist of the special cases of the equations when
some of the unknowns are equal.
The conditions above are summarized in the following diagram.
Xi
??
Xk
Xj=Xk∗Xi
__
Xk
Xj=Xk∗
′Xi
??
Xi
__
Note that if we reverse all arrows in the crossings we obtain precisely the
colouring conditions presented before. For this reason the matrix A encoding
the colouring conditions for the oriented diagram
→
D of knot K is essentially
the same as the matrix just defined but calculated for
←
D, i. e. the same dia-
gram D but with the orientation reversed (and keeping the labels of arcs and
crossings the same).
The definition of the Alexander polynomial follows.
Definition 7 (from [16]) The (N−1)×(N−1) matrix obtained by removing
the final row and column from the N ×N colouring matrix described above is
called the Alexander matrix of K. The determinant of the Alexander matrix
is called the Alexander polynomial of K. (The determinant of a 0× 0 matrix
is defined to be 1.)
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Different diagrams of the same knot may lead to different Alexander polyno-
mials related by a sign and a factor which is a power of t. This equivalence
class is the Alexander polynomial. It is normal to normalize it ([7]) choosing
a polynomial with “no negative powers of t and a positive constant term”.
2.4 Linear Finite Alexander Quandles
In the following we will be dealing with linear finite Alexander quandles
which have the form Zn[t, t
−1] / (t − m), where n and m are integers and
n,m are coprime. Recall that the elements are equivalence classes of Laurent
polynomials having the same remainder when divided by t −m. Obviously
the polynomial t is in the same equivalence class as the constant polynomial
m, since t = (t−m)+m. Similarly t−1 is equivalent to m−1 (the inverse of m
in Zn), since t
−1−m−1 = −m−1t−1(t−m). It follows that any polynomial is
equivalent to some number in Zn and that one can identify Zn[t, t
−1] / (t−
m) with Zn. The quandle operation can be written as a ∗ b = ma + (1 −
m)b (mod n) and a ∗′ b = m−1a+(1−m−1)b (mod n). Again for the knot 41
the colourings in any linear finite Alexander quandle are equivalently given
by the following equation:


m−1 −1 0 1−m−1
1−m m −1 0
0 1−m−1 m−1 −1
−1 0 1−m m




X1
X2
X3
X4

 =


0
0
0
0


where the colourings Xi belong to Zn and the equalities hold in Zn (i.e.
equality mod n).
3 Triangularized matrices
For linear finite Alexander quandles Zn[t, t
−1]/(t−m) the colourings are the
solutions of AX = 0 where A is the colouring matrix and equality is mod n.
In order to find expressions for the number of colourings of a knot in different
quandles it is convenient to rewrite the colouring matrix in triangular form.
For that purpose we have written algorithms in Mathematica that transform
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the original matrix into an equivalent one by multiplying rows by −1, m and
m−1 (m is invertible since gcd(m,n) = 1) and adding them, i.e. by replacing a
row by its sum with another one. Swapping rows1 or columns is also allowed.
The definition of equivalent matrices, in this sense, follows.
Definition 8 Let K be a knot and A its colouring matrix. The matrix B is
equivalent to A if it is obtained from A by a sequence of matrices each obtained
from the previous one by one of the following operations: a) multiplication
of a row by m, or m−1 or −1; b) replacing a row by its sum with some row;
c) swapping two rows and d) swapping two columns. If there is a triangular
matrix equivalent to A we say that A is triangularizable.
We will prove in section 8 that there are, however, matrices that cannot
be triangularized using these operations. Nevertheless it was possible to
triangularize in this way almost all colouring matrices for prime knots up to
10 crossings, with the exception of the following 12 knots:
935; 938; 941; 947; 948; 949; 1069; 10101; 10108; 10115; 10157; 10160
If we allow column operations analogous to the row operations of type a) and
b) it is possible to triangularize 2 of these namely the knots 941 and 10108.
See the discussion in section 4. However, the expressions for the number of
colourings presented in section 5 depend on the property that the entries in
each row in the colouring matrix add up to zero. This property is preserved
under swapping columns and row operations of type a) and b) and c) but
not under more general column operations.
For the prime knots up to 10 crossings with colouring matrices that we were
able to triangularize (i.e. all except the previously mentioned 12) the final
matrices had one of two different forms, that we will call type I and type II.
Both have one final row of zeros.
1In fact swapping rows can be achieved by suitably combining addition of rows and
multiplication by −1, m and m−1.
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type I

1 λ12(m) · · · · · · λ1N (m)
0
. . .
. . . · · · ...
... 0 1 λN−2 N−1(m) λN−2 N(m)
...
... 0 α(m) −α(m)
0 0 · · · · · · 0


Matrices of type I have one “interesting row”, i.e. only one of the other rows
does not have 1 in the diagonal, and matrices of type II have two such rows:
type II

1 λ12(m) · · · · · · · · · λ1N (m)
0
. . .
. . . · · · · · · ...
... 0 1 λN−3 N−2(m) λN−3 N−1(m) λN−3 N(m)
...
... 0 α1(m) β1(m) −(α1(m) + β1(m))
...
...
... 0 α2(m) −α2(m)
0 0 0 · · · · · · 0


Recall that the Alexander polynomial is the determinant of the Alexander
matrix obtained from the colouring matrix by removing the final row and
the final column. Therefore for N × N matrices of type I the Alexander
polynomial is the polynomial α(m) at entry N − 1, N − 1 and for N × N
matrices of type II the Alexander polynomial is α1(m)×α2(m), the product
of the polynomials at entries N − 2, N − 2 and N − 1, N − 1.
In order to compute the number of colourings, only the “interesting rows”
matter, i.e. the rows excluding the final one that have an entry not equal
to 1 in the diagonal. For matrices of type I there is only one such row, the
penultimate one. Since the final column is also redundant, matrices of type
I are presented by the polynomial α(m) at entry N − 1, N − 1, i.e. by their
Alexander polynomial. Furthermore, matrices of type II are presented by two
“interesting” rows (where the first N − 3 columns and also the final column
have been removed):
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[
α1(m) β1(m)
0 α2(m)
]
These considerations will be of use in section 5.
4 Types of knots
We have seen before that the colouring matrices for prime knots up to ten
crossings are either non-triangularizable or equivalent to a matrix of type
I or of type II. A comparison with the presentation matrices of [15] makes
sense since these are also obtained from colouring matrices by simplification
operations including those in definition 8 as well as more general operations,
in particular on columns.
We begin with the colouring matrices of knots that we were unable to trian-
gularize.
4.1 Knots with non-triangularized colouring matrices
The colouring matrices that we were unable to triangularize with row opera-
tions and swapping columns are the previously mentioned colouring matrices
of the 12 following knots:
935; 938; 941; 947; 948; 949; 1069; 10101; 10108; 10115; 10157; 10160
We will show in section 8 that it is impossible to triangularize (using row op-
erations column swaps) the colouring matrices for the 5 knots 935, 947, 948, 949
and 10157. They also have non-triangular presentation matrices in appendix
F of A Survey of Knot Theory ([15]). The 4 knots 1069, 10101, 10115 and 10160
also have non-triangular presentation matrices in that appendix. We con-
jecture that it is also impossible to triangularize the colouring matrices for
these 4 knots because they have non-factorizable Alexander polynomials (see
section 8).
If we allow more general column operations it is possible to triangularize the
colouring matrices for 2 of the remaining 3 knots, namely those of the knots
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941 and 10108. The colouring matrix of 941 becomes type II and the one for
10108 becomes type I in agreement with [15]. We have not yet been able
to triangularize the colouring matrix for knot 938 that has a triangularized
presentation matrix (type II) in appendix F of [15].
4.2 Type II
Using only row operations and swapping columns we have obtained type II
colouring matrices for the following 21 knots:
818; 937; 940; 946; 1061; 1063; 1065; 1074; 1075; 1098; 1099; 10103;
10106; 10122; 10123; 10140; 10142; 10144; 10147; 10155; 10164
The 18 knots 818, 937, 940, 946, 1061, 1063, 1074, 1075, 1098, 1099, 10103, 10122, 10123,
10140, 10142, 10144, 10155 and 10164 have type II matrices and the presentation
matrices for these knots in A Survey of Knot Theory ([15]) are also of type
II.
Furthermore the colouring matrices for knots 10106 and 10147 can be further
simplified if other operations on columns are allowed, therefore becoming
type I, also in agreement with A Survey of Knot Theory. One knot, 1065, has
a type II colouring matrix according to our algorithm and we were unable
to simplify its colouring matrix even when column operations were allowed.
However, it is type I according to A Survey of Knot Theory ([15]).
4.3 Type I
All 216 type I knots2 obtained by processing the colouring matrix allowing
only row operations and swapping of columns are also type I knots according
to A Survey of Knot Theory ([15]). These are listed in the appendix.
2We use the expression “type I knot” to refer to a knot with a colouring matrix equiv-
alent to a type I matrix. The expression “type II knot” has a similar meaning.
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4.4 Conclusion
For knots with colouring matrices equivalent to type I or type II matrices
we will provide an explicit expression for the number of colourings using any
linear Alexander quandle. Therefore, for this purpose it is irrelevant if a
type II colouring matrix may be further simplified to type I since such an
expression can be found in any case and all we want is this expression. What
is relevant is whether the colouring matrix can be triangularized or not using
only row operations and swapping of columns since the expressions depend
on the property that the entries in each row in the colouring matrix add up
to zero.
There are 12 colouring matrices that we were unable to triangularize (us-
ing row operations and swapping of columns). Five (those of the knots
935, 947, 948, 949 and 10157) are proven not to be triangularizable by row op-
erations and swapping of columns in section 8, and we conjecture there that
the same is true of another four (those of the knots 1069, 10101, 10115 and
10160). We were also unable to triangularize the colouring matrix of knot
938. The remaining two colouring matrices are those of knots 941 and 10108
that we were only able to triangularize using other column operations that
do not preserve the property that the sum of entries in each row equals zero.
Therefore we were able to find a general expression for the colourings of all
but the following 12 knots:
938 and 935, 947, 948, 949, 10157; 1069, 10101, 10115, 10160 and 941; 10108.
5 Computing the number of colourings
Recall that for linear finite Alexander quandles Zn[t, t
−1] / (t−m) the colour-
ings are the solutions of AX = 0 where equality is mod n. In this section we
are concerned with calculating the number of colourings assuming that an
equivalent triangular matrix has been found. Note that for a fixed m and n
each polynomial entry p yields a concrete value in Zn.
Although not necessary it is convenient to replace the values v thus obtained
by their equivalent v mod n.
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For example, the following matrix is triangular and a colouring matrix for
knot 818 (we omit some entries):


1 λ12(m) · · · · · · · · · · · · · · · λ18(m)
0 1
.
.
. · · · · · · · · · · · ·
.
.
.
0 0 1
.
.
. · · · · · · · · ·
.
.
.
0 0 0 1
.
.
. · · · · · ·
.
.
.
0 0 0 0 1 λ56(m) · · · λ58(m)
0 0 0 0 0 −1 +m −m2 m −m2 +m3 1− 2m + 2m2 −m3
0 0 0 0 0 0 1− 4m + 5m2 − 4m3 +m4 −1 + 4m − 5m2 + 4m3 −m4
0 0 0 0 0 0 0 0


For the quandle Z15[t, t
−1]/(t − 8) (choosing m = 8 and n = 15) we obtain
the matrix:
A818 =


1 λ12(m) · · · · · · · · · · · · · · · λ18(m)
0 1
. . . · · · · · · · · · · · · ...
0 0 1
. . . · · · · · · · · · ...
0 0 0 1
. . . · · · · · · ...
0 0 0 0 1 λ56(m) · · · λ58(m)
0 0 0 0 0 3 6 6
0 0 0 0 0 0 12 3
0 0 0 0 0 0 0 0


The solutions of A818X = 0 mod 15 are the colourings of knot 818 using the
quandle Z15[t, t
−1]/(t − 8). Note that adding the entries in each row yields
0 mod 15. The number of solutions is easily determined (see below).
A result that we will use often is the well known linear congruence theorem.
Proposition 9 If a and b are integers and n is a positive integer, then the
congruence ax = b mod n has a solution for x if and only if b is divisible by
the greatest common divisor of a and n, d = gcd(a, n). When this is the case,
and x0 is a solution of ax = b mod n, then the set of all solutions is given by
{x0 + k nd , k ∈ Z}. In particular, there will be exactly d = gcd(a, n) solutions
in the set {0, ..., n− 1}.
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We proceed to find general expressions for the number of colourings for types
I and II. The number of solutions for triangular matrices of any type could in
principle be determined using standard methods for solving systems of linear
congruences. See remark 15 where we comment on this briefly.
5.1 Type I
We now want to find the (number of) solutions of AX = 0 mod n where A
is of type I and X = (X1, ..., XN) are unknowns with values in the quandle
Zn[t, t
−1]/(t−m). Recall that the elements of the quandle are {0, 1, ..., n−1}.
A brute force method would try all possible combinations of these values for
(X1, ..., XN) and check for which choices all equations hold. For matrices in
triangular form we find values for each Xi that are solutions of the equation
in row i and depend on previously determined Xjs, starting with the final
row and proceeding upwards.


1 λ12(m) · · · · · · λ1N (m)
0
. . .
. . . · · · ...
... 0 1 λN−2 N−1(m) λN−2 N(m)
...
... 0 α(m) −α(m)
0 0 · · · · · · 0


Figure 1: Type I matrix
The expression for matrices of type I depends only on the final two rows of
the matrix and is stated in the next proposition.
Proposition 10 Let A be an N × N triangular matrix of type I equivalent
to the colouring matrix of a knot K. Then CQ(K), the number of colourings
of K using the linear finite Alexander quandle Q = Zn[T, T
−1]/(T −m) is
CQ(K) = n× gcd(Alex(m), n).
Proof. Recall that we find values for each Xi that are solutions of the
equation in row i and depend on previously determined Xjs.
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The equation corresponding to the last row is 0XN = 0 mod n and holds
always. Therefore any of the n values in {0, 1, ..., n − 1} is a solution for
XN . Now the equation corresponding to the row above this is α(m)XN−1 −
α(m)XN = 0 mod n, or equivalently α(m)(XN−1 −XN) = 0 mod n.
Setting YN−1 = XN−1 − XN the equation becomes α(m)YN−1 = 0 mod n.
From the linear congruence theorem there will be d = gcd(α(m), n) solutions
for YN−1, namely YN−1 = k
n
d
, k = 0, ..., d− 1. Since YN−1 = XN−1 −XN , for
each possible value of XN there will be d = gcd(α(m), n) values for XN−1,
namely XN−1 = XN + k
n
d
, k = 0, ..., d− 1 such that this equation holds.
The equation for the (N −2)th row is XN−2+λN−2,N−1XN−1+λN−2,NXN =
0mod n and has a unique solution forXN−2, namelyXN−2 = −λN−2,N−1XN−1−
λN−2,NXN mod n. The other rows behave similarly. Therefore the total num-
ber of solutions is the number of solutions for XN−1 and XN , n × d, where
d = gcd(α(m), n). Recall from above that for matrices of type I, α(m) is the
Alexander polynomial of the knot. Therefore, the number of colourings, i.e.
the number of solutions of AX = 0 mod n is n× gcd(Alex(m), n).
An obvious consequence of proposition 10 is that knots having type I matrices
and the same Alexander polynomial cannot be distinguished by colourings
of linear quandles.
Corollary 11 The following pairs of knots cannot be distinguished by linear
Alexander quandles since they have type I matrices and the same Alexander
polynomial. The final item consists of three knots that cannot be distinguished
from each other by linear quandles.
• 51, 10132 (1−m+m2 −m3 +m4)
• 74, 92 (4− 7m+ 4m2)
• 75, 10130 (2− 4m+ 5m2 − 4m3 + 2m4)
• 76, 10133 (1− 5m+ 7m2 − 5m3 +m4)
• 83, 101 (4− 9m+ 4m2)
• 85, 10141 (1− 3m+ 4m2 − 5m3 + 4m4 − 3m5 +m6)
• 88, 10129 (2− 6m+ 9m2 − 6m3 + 2m4)
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• 810, 10143 (1− 3m+ 6m2 − 7m3 + 6m4 − 3m5 +m6)
• 816, 10156 (1− 4m+ 8m2 − 9m3 + 8m4 − 4m5 +m6)
• 821, 10136 (1− 4m+ 5m2 − 4m3 +m4)
• 915, 10166 (2− 10m+ 15m2 − 10m3 + 2m4)
• 920, 10149 (1− 5m+ 9m2 − 11m3 + 9m4 − 5m5 +m6)
• 928, 929 (1− 5m+ 12m2 − 15m3 + 12m4 − 5m5 +m6)
• 1010, 10165 (3− 11m+ 17m2 − 11m3 + 3m4)
• 1012, 1054 (2− 6m+ 10m2 − 11m3 + 10m4 − 6m5 + 2m6)
• 1018, 1024 (4− 14m+ 19m2 − 14m3 + 4m4)
• 1020, 10163 (3− 9m+ 11m2 − 9m3 + 3m4)
• 1023, 1052 (2− 7m+ 13m2 − 15m3 + 13m4 − 7m5 + 2m6)
• 1025, 1056 (2− 8m+ 14m2 − 17m3 + 14m4 − 8m5 + 2m6)
• 1028, 1037 (4− 13m+ 19m2 − 13m3 + 4m4)
• 1031, 1068 (4− 14m+ 21m2 − 14m3 + 4m4)
• 1034, 10135 (3− 9m+ 13m2 − 9m3 + 3m4)
• 10127, 10150 (1− 4m+ 6m2 − 7m3 + 6m4 − 4m5 +m6)
• 814, 98, 10131 (2− 8m+ 11m2 − 8m3 + 2m4)
On the other hand type I knots K1 and K2 with different Alexander poly-
nomials can always be distinguished by linear quandles. One has to find
m and n such that gcd(AlexK1(m), n) 6= gcd(AlexK2(m), n). This implies
|AlexK1(m)| 6= |AlexK2(m)|. We shall see that for triangularizable matri-
ces such values always exist in theorem 25. The next example is a simple
illustration of this fact.
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Example 12 Consider knots 81 and 82. They both have type I matrices but
different Alexander polynomials: AlexK1(m) = 3−7m+3m2 is the Alexander
polynomial of knot 81 and AlexK2(m) = 1−3m+3m2−3m3+3m4−3m5+m6
is the Alexander polynomial of knot 82. They differ in absolute value for all
m ≥ 3 since m = 1 is the only integer solution of AlexK1(m) = AlexK2(m)
and m = 2 is the only integer solution of AlexK1(m) = −AlexK2(m). For
m = 3 one has AlexK1(3) = 9 and AlexK2(3) = 181. Choosing n = 181
one has gcd(9, 181) = 1 and gcd(181, 181) = 181 and therefore the knots are
distinguished in this quandle. Note that the choice of n is not always obvious.
5.2 Type II
When the matrix is of type II the process of calculating the number of solu-
tions is similar to that of type I for the two final rows. In this case a third
equation has to be considered.


1 λ12(m) · · · · · · · · · λ1N (m)
0
. . .
. . . · · · · · · ...
... 0 1 λN−3 N−2(m) λN−3 N−1(m) λN−3 N(m)
...
... 0 α1(m) β1(m) −(α1(m) + β1(m))
...
...
... 0 α2(m) −α2(m)
0 0 0 · · · · · · 0


Figure 2: Type II matrix
Proposition 13 Let A be a triangular matrix of type II equivalent to a
colouring matrix of a knot K. Then CQ(K), the number of colourings of
K in the linear finite Alexander quandle Q = Zn[T, T
−1]/(T −m) is
CQ(K) = n× gcd(α2(m), n)× gcd(β1(m) n
gcd(α2(m), n)
, gcd(α1(m), n)).
Proof.
Reasoning precisely as before in the proof for type I matrices the pairs
(XN , XN−1) that are solutions of the two final equations 0XN = 0 mod n and
19
α2(m)YN−1 = 0 mod n, where YN−1 = XN−1 − XN are those where XN ∈
{0, 1, ..., n− 1} and for each such XN , XN−1 = XN + k nd2 , k = 0, ..., d2 − 1,
where d2 = gcd(α2(m), n).
The row above these yields the equation α1(m)XN−2+β1(m)XN−1−(α1(m)+
β1(m))XN = 0 mod n, that can be rewritten as α1(m)(XN−2 − XN) +
β1(m)(XN−1 − XN) = 0 mod n. Letting YN−2 = XN−2 − XN and YN−1 =
XN−1 −XN (as before) we obtain
α1(m)YN−2 + β1(m)YN−1 = 0 mod n
For each value of XN and XN−1 we have from the two final rows as before
that YN−1 = XN−1−XN = k nd2 , for k = 0, ..., d2− 1. Substituting above one
obtains α1(m)YN−2+β1(m)k
n
d2
= 0 mod n. This equation only has solutions
for those values of k such that β1(m)k
n
d2
is divisible by d1 = gcd(α1(m), n).
And, if there is one solution then there will be d1 solutions.
We check how many of the values β1(m)k
n
d2
for k = 0, ..., d2 − 1 are mul-
tiples of d1. This is equivalent to β1(m)
n
d2
K = 0 mod d1 that has d3 =
gcd(β1(m)
n
d2
, d1) solutions and these are K = t × d1d3 for t = 0, ..., d3 − 1.
Now we have to check which of these K ′s are in 0, ..., d2 − 1, i.e. such that
t× d1
d3
< d2. It is easy to check that there are c3 = d2× d3d1 possible values for
t namely 0, ..., c3 − 1. Therefore there are c3 values of k such that β1(m)k nd2
is a multiple of d1.
Summing up we have that for each value of XN in {0, ..., n − 1} there will
be d2 = gcd(α2(m), n) values for XN−1 that are solutions of the final equa-
tions but only c3 = d2 × d3d1 of them leads to solutions for XN−2. Each of
these, however, gives d1 solutions for XN−2. Therefore there are n× c3 × d1
solutions since the other Xjs with j < N − 2 are determined by the val-
ues of these three. Substituting one gets CQ(K) = n × d2 × d3d1 × d1 =
n × d2 × d3 = n × gcd(α2(m), n)× gcd(β1(m) nd2 , d1) = n × gcd(α2(m), n) ×
gcd(β1(m)
n
gcd(α2(m),n)
, gcd(α1(m), n)).
Example 14 Recall the previous example of the colourings of the knot 818
for the quandle Z15[t, t
−1]/(t− 8) (where m = 8 and n = 15) .
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A818 =


1 λ12 · · · · · · · · · · · · · · · λ18
0 1
. . . · · · · · · · · · · · · ...
0 0 1
. . . · · · · · · · · · ...
0 0 0 1
. . . · · · · · · ...
0 0 0 0 1 λ56 · · · λ58
0 0 0 0 0 3 6 6
0 0 0 0 0 0 12 3
0 0 0 0 0 0 0 0


The numbers relevant for computing the colourings are the following.
[
3 6
0 12
]
The number of colourings is given by
n× gcd(α2(m), n)× gcd(β1(m) n
gcd(α2(m), n)
, gcd(α1(m), n)).
Substituting one obtains 15× gcd(12, 15)× gcd(6 15
gcd(12,15)
, gcd(3, 15)) = 15×
3× gcd(6× 5, 3) = 15× 3× 3. The number of colourings is 135.
More interesting is to use the number of colourings for type II matrices for
the purpose of distinguishing knots. We will see in proposition 25 that knots
with triangularized colouring matrices and different Alexander polynomials
can be distinguished by linear quandles. In particular example 28 uses type
II matrices.
Remark 15 Note that we could extend these results to more general trian-
gular matrices. In that case, however, it is difficult to find an expression for
the solutions, and, therefore for the number of solutions. A general algorithm
could work by finding the solutions for Xi using previous solutions of Xj, with
j > i. For each equation it is easy to check what values of the previous Xj’s
give solutions (the independent term must be a multiple of the gcd of the
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entry on the diagonal and n). The solutions themselves, that are needed for
rows above, can be computed with the extended Euclidean algorithm (available
in some computer systems, such as Mathematica). We have written such a
program and it agrees with the values for type I and II matrices. However,
for prime knots up to 10 crossings it is not relevant because such triangular
matrices do not occur.
6 Comparing knots with the same Alexander
polynomial
In this section we compare knots with the same Alexander polynomial. Since
all prime knots (except 938) up to ten crossings with non-triangularizable
colouring matrices have Alexander polynomials distinct from all other prime
knots up to ten crossings we consider only triangularizable knots (for 938 see
below).
We will show in proposition 25 that knots with triangularized colouring ma-
trices and different Alexander polynomials can be distinguished by linear
quandles. It is therefore interesting to understand if knots with the same
Alexander polynomial but different types of matrices can be distinguished
by colourings.
We first consider pairs of knots with triangularized type I or type II matrices.
Note that when the matrices are both type I and have the same Alexander
polynomial the knots cannot be distinguished by linear quandles (see corol-
lary 11). Moreover, there are no examples of pairs of prime knots up to ten
crossings with the same Alexander polynomial and type II colouring matri-
ces. However, if one counts the colouring matrix of knot 938 -that we were
not able to triangularize- as type II because it occurs as such in [15], then
both 938 and 1063 have type II matrices and the same Alexander polynomial.
We were unable to find a linear Alexander quandle that distinguishes them.
We are now left with one case: when one of the matrices is type I and the
other is type II. We begin with pairs of such knots that can be distinguished
by linear Alexander quandles. The first knot of the pair is type I and the
second is type II. The values of m and n specify a linear Alexander quandle
that distinguishes the knots.
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Proposition 16 The following pairs of knots have the same Alexander poly-
nomial but they can be distinguished by linear Alexander quandles. The first
knot of the pair is type I and the second is type II. The values of m and n
specify a linear Alexander quandle that distinguishes the knots.
• 61 − 946 (n = 3, m = 2)
• 89 − 10155 (n = 5, m = 4)
• 924 − 818 (n = 6, m = 5)
• 1040 − 10103 (n = 5, m = 4)
• 1042 − 1075 (n = 3, m = 2)
• 1059 − 940 (n = 5, m = 4)
• 1067 − 1074 (n = 3, m = 2)
• 1087 − 1098 (n = 3, m = 2)
However, it is not always possible to distinguish by linear quandles knots that
have the same Alexander quandle and different types of matrices. The knots
820 (type I) and 10140 (type II) cannot be distinguished by linear Alexander
quandles as we see below.
Proposition 17 Knots 820 (type I) and 10140 (type II) cannot be distin-
guished by linear Alexander quandles.
Proof. Both knots have the same Alexander polynomial A(m) = (1 −m +
m2)2 = 1−2m+3m2−2m3+m4. Since 820 is type I the number of colourings
in any linear Alexander quandle is given by C1(m,n) = n × gcd(A(m), n).
The relevant entries for the type II matrix of 10140 are
[
1−m+m2 −2m2
0 1−m+m2
]
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Therefore the number of colourings of 10140 in any linear Alexander quandle is
given by C2(m,n) = n× gcd(α(m), n)× gcd(β(m) ngcd(α(m),n) , gcd(α(m), n)),
where α(m) = 1−m+m2 and β(m) = −2m2.
We now show that C2(m,n) = C1(m,n). Since α(m) = 1 − m + m2 =
m(m − 1) + 1 is odd and m and n are coprime then β(m) = −2m2 is also
coprime with gcd(α(m), n). Therefore gcd(β(m) n
gcd(α(m),n)
, gcd(α(m), n)) =
gcd( n
gcd(α(m),n)
, gcd(α(m), n)). Recall that a × gcd(b, c) = gcd(a × b, a × c)
with a ≥ 1 and note that gcd(gcd(a, n)2, n) = gcd(a2, n). Indeed, gcd(a2, n) =
gcd( a
2
gcd(a,n)2
gcd(a, n)2, n) = gcd(( a
gcd(a,n)
)2gcd(a, n)2, n) = gcd(gcd(a, n)2, n)
since a
gcd(a,n)
and n are coprime. Therefore
C2(m,n) = n× gcd(α(m), n)× gcd( ngcd(α(m),n) , gcd(α(m), n))
= n× gcd(n, gcd(α(m), n)2)
= n× gcd(α(m)2, n)
= n× gcd(A(m), n) = C1(m,n),
since α(m)2 is the Alexander polynomial A(m).
The following pairs of knots, where the first one is type I and the second one
is type II, despite using a battery of thousands of linear quandles, could not
be distinguished, thus we conjecture they cannot be distinguished by linear
quandles.
• 1077 − 1065
• 928 − 10164
• 929 − 10164
• 811 − 10147
We were unable to simplify the colouring matrix of 1065 even using other
column operations but it is type I in [15]. The first three pairs of knots can
be distinguished by quadratic quandles ([8]) but we were unable to distinguish
the pair 811− 10147 even with non-linear Alexander quandles. Note also that
10147 can be simplified to type I if other operations on columns are allowed.
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7 Simplified non-triangularized matrices
Even if a triangular form cannot be found, it is useful to “optimize” the
colouring matrices by having as many 1’s in the diagonal as possible. In
that way the total number of colourings will depend only on the equations
of the other rows. We were able to find equivalent matrices having at most
2×2 relevant elements for the colouring matrices of all prime knots up to 10
crossings. Consider for example the colouring matrix for the knot 935:


1
m
−1 0 0 0 1− 1
m
0 0 0
0 1
m
−1 0 0 0 0 1− 1
m
0
0 0 1
m
−1 0 0 1− 1
m
0 0
0 0 0 1
m
−1 0 0 0 1− 1
m
0 1− 1
m
0 0 1
m
−1 0 0 0
1− 1
m
0 0 0 0 1
m
−1 0 0
0 0 1− 1
m
0 0 0 1
m
−1 0
0 0 0 0 1− 1
m
0 0 1
m
−1
−1 0 0 1− 1
m
0 0 0 0 1
m


Our program gave as output the following simplified equivalent matrix3:


1 h1j · · · · · · · · · h1r
0
. . .
. . . · · · · · · ...
... 0 1 hr−3 r−2 hr−3 r−1 hr−3 r
...
... 0 2−m −1 −m −1 + 2m
...
...
... −3 −2 + 7m 5− 7m
0 0 0 0 0 0


Note that the relevant entries are the 4 entries in the penultimate 2 rows and
2 columns:
(
2−m −1−m
−3 −2 + 7m
)
3By still further processing using also operations on colums we arrived at the same
presentation as in in appendix F of [15].
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In the appendix only the relevant entries are shown for the 12 non-triangularized
matrices.
From the previous matrix we can compute the number of colourings con-
sidering only solutions for the 3 final rows. A method of computing them
would be simply by trying all n3 possible combinations of values and check
those that are solutions of the final 3 rows. More intelligent methods can be
devised. One simple case that will be useful below is when m = 2 and n = 3.
In this case we have the 3 final rows consisting only of zeros4 and therefore
n3 = 27 colourings.


1 h1j · · · · · · · · · h1r
0
. . .
. . . · · · · · · ...
... 0 1 hr−3 r−2 hr−3 r−1 hr−3 r
...
... 0 0 0 0
...
...
... 0 0 0
0 0 0 0 0 0


8 Non-triangularizability results
It is important to note that there are colouring matrices (such as the one
for the knot 935) that do not have an equivalent triangular form, i.e. using
operations on rows and swapping of columns it is not possible to transform
the original matrix into a triangular one. We show this in this section.
The main reason why there are matrices that do not have an equivalent
triangular form is the following. The product of the diagonal entries of a
matrix in triangular form must be the Alexander polynomial (up to products
of powers of ±m). However some Alexander polynomials do not factorize.
Therefore, in such cases if it is possible to triangularize the matrix, then the
Alexander polynomial occurs in one of the entries of the diagonal, with all
other entries except the final one being 1. Such a matrix is equivalent to a
type I matrix and we know already how to determine its number of colourings
for any quandle. We use this fact to show that knots 935, 947, 948, 949 and
4The entries are −3 = 0, 12 = 0, 9 = 0 and 3 = 0 mod 3.
26
10157 have colouring matrices that cannot be triangularized. Indeed, we find
quandles where the number of colourings of these knots does not coincide
with the number given by the expression obtained when assuming that their
colouring matrices can be triangularized.
Curiously, a similar line of thinking should apply to knots 1069, 10101, 10115
and 10160 since they also have Alexander polynomials that do not factorize.
However, we were unable to find linear quandles that could serve as counter
examples. We comment on this at the end of the section.
We now look for Alexander polynomials that are not factorizable, i.e. cannot
be written as products of other polynomials in a non-trivial way.
Definition 18 An Alexander polynomial Alex(m) with integer coefficients
is said to be properly factorizable if the corresponding normalized form is
properly factorizable. A polynomial (in non-negative powers of m) is properly
factorizable if it can be written as the product of integer polynomials different
from ±1 and itself.
Note that for example 4 + 2m2 = 2(2 + m2) is properly factorizable. The
following example illustrates the fact that polynomials with non-integer roots
may be properly factorizable.
Example 19 The polynomial 8 − 2m2 − m4 has roots m = 2i, m = −2i,
m =
√
2 and m = −√2 none of which are integer. However, it can be
written as the product of integer polynomials since 8 − 2m2 −m4 = −(m −
2i)(m+2i)(m−√2)(m+√2) = −(m2+4)(m2−2). Therefore it is properly
factorizable.
We now show that there are Alexander polynomials that are not properly
factorizable.
Proposition 20 The Alexander polynomials for knots 935, 947, 948, 949,
1069, 10101, 10115, 10157 and 10160 are not properly factorizable.
Proof. The normalized Alexander polynomial of knot 935 is Alex935(m) =
7 − 13m+ 7m2. Its roots are r1 = 114
(
13− 3i√3) and r2 = 114 (13 + 3i√3).
The original polynomial is 7 × (m − r1) × (m − r2) and it is not possible
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to multiply these factors to yield integer polynomials other than Alex935(m).
Therefore Alex935(m) = 7− 13m+ 7m2 is not properly factorizable.
The proof for the other knots is similar. We found their roots using Mathe-
matica and tested the finite products of (m− ri) multiplied by the coefficient
of the highest degree monomial of m. Only the products including all the
(m− ri) factors yielded an integer polynomial (the original polynomial) and
all other products did not yield integer polynomials.5 Here we list only the
Alexander polynomials and omit the calculations.
• 947 (1− 4m+ 6m2 − 5m3 + 6m4 − 4m5 +m6)
• 948 (1− 7m+ 11m2 − 7m3 +m4)
• 949 (3− 6m+ 7m2 − 6m3 + 3m4)
• 1069 (1− 7m+ 21m2 − 29m3 + 21m4 − 7m5 +m6)
• 10101 (7− 21m+ 29m2 − 21m3 + 7m4)
• 10115 (1− 9m+ 26m2 − 37m3 + 26m4 − 9m5 +m6)
• 10157 (1− 6m+ 11m2 − 13m3 + 11m4 − 6m5 +m6)
• 10160 (1− 4m+ 4m2 − 3m3 + 4m4 − 4m5 +m6)
We now show that in the case of knots with Alexander polynomials that are
not factorizable, if their colouring matrices are triangularizable then they are
equivalent to a type I matrix.
Proposition 21 Let K be a knot and AlexK(m) its Alexander polynomial.
Assume that AlexK(m) is not properly factorizable and that there is a trian-
gular colouring matrix A for K. Then it is possible to transform A into an
equivalent type I matrix B.
Proof. We show firstly that it is possible to transform A in such a way that
all entries on the diagonal (except the final one that is 0) are either 1 or
AlexK(m). Recall that the entries in each row of the colouring matrix add up
5 Substituting m with values 0 and 1 non-integer values were obtained.
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to zero. Since the operations that transformed the original colouring matrix
into the triangular matrix A preserve this property we know that the entries
in each row of A add up to zero. Since A is assumed to be triangular its final
row must consist only of zeros. This row will be left unchanged. Let N be the
number of rows (and columns) of A. Each remaining diagonal entry is a poly-
nomial in m and m−1 and the product of the entries on the diagonal except
for the final row is ΠN−1i=1 aii = ±mkAlexK(m), the Alexander polynomial pos-
sibly multiplied by ±mk. Since AlexK(m) is not properly factorizable, none
of the diagonal entries can be a proper factor and they are either aii = ±mki
or aii = ±mkiAlexK(m) (this case can occur only once). Now multiply each
row by ±m−ki.
Next swap the column where AlexK(m) occurs with the penultimate column
and then the row where AlexK(m) occurs with the penultimate row. The non-
zero entries under the diagonal are turned into zero by repeatedly adding to
the corresponding row suitable multiples of the rows above where 1 occurs in
the diagonal. Therefore the final matrix is type I.
Now we show that some colouring matrices cannot be triangularized.
Proposition 22 The colouring matrices of knots 935, 947, 948, 949 and 10157
cannot be triangularized.
Proof. Since these knots have non-properly factorizable Alexander poly-
nomials we know that if they have a triangular colouring matrix then the
number of colourings in any linear Alexander quandle Zn[t, t
−1] / (t − m)
must be n× gcd(AlexK(m), n). The proof consists now in exhibiting for each
such knot K a quandle where the true number of colourings is not equal to
n× gcd(AlexK(m), n).
935. We have seen in section 7 that form = 2 and n = 3 the number of colour-
ings of the knot 935 is 27. Its Alexander polynomial is 7− 13m+ 7m2 and is
not properly factorizable. The number of colourings computed using an equiv-
alent triangular colouring matrix would, however, be n× gcd(AlexK(m), n) =
3× gcd(7− 26 + 28, 3) = 3× gcd(9, 3) = 3× 3 = 9.
947. We look for colourings using the quandle given by m = 2, n = 3. For
m = 2 the Alexander polynomial 1− 4m+ 6m2 − 5m3 + 6m4 − 4m5 +m6 is
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9. Thus the number of colourings computed from a triangular matrix for 947
would be 3 × gcd(9, 3) = 3 × 3 = 9. However there are 3 × 3 × 3 colourings
as we can see from the relevant entries of the colouring matrix for this knot
(after simplification). The second matrix below is obtained from the first by
putting m = 2 and the third by substituting the mod 3 values of the entries.[ −1 + 4m−m2 −2−m−m2 +m3
2− 7m 3 + 4m+ 2m2 −m4
] [
3 0
−12 3
] [
0 0
0 0
]
948. We look for colourings using the quandle given by m = 2, n = 3. For
m = 2 the Alexander polynomial 1 − 7m + 11m2 − 7m3 + m4 is −9. Thus
the number of colourings computed from a triangular matrix for 948 would be
3×gcd(−9, 3) = 3×3 = 9. However there are 3×3×3 colourings, proceeding
as in the previous case:[
2−m 2− 8m+ 7m2 −m3
3 3− 10m+ 2m2 + 5m3 −m4
] [
0 6
3 15
] [
0 0
0 0
]
949. We look for colourings using the quandle given by m = 4, n = 5 since for
m = 2, n = 3 this case is inconclusive. The Alexander polynomial 3 − 6m+
7m2−6m3+3m4 for m = 4 is 475. Thus the number of colourings computed
from a triangular matrix for 949 would be 5 × gcd(475, 5) = 5 × 5 = 25.
However there are 5× 5× 5 colourings.[ −2 −m+m2 3−m−m2 − 2m3
3− 2m −3 + 3m+m2
] [
10 −145
−5 25
] [
0 0
0 0
]
10157. For m = 2, n = 3 this case is also inconclusive. But for m = 6, n = 7
the Alexander polynomial 1 − 6m + 11m2 − 13m3 + 11m4 − 6m5 + m6 is
11809. Then the number of colourings computed from a triangular matrix
for 10157 would be 7×gcd(11809, 7) = 7×7 = 49. However there are 7×7×7
colourings.[
4− 3m −7 + 12m− 9m2 + 6m3 −m4
−1 +m2 2− 3m+m2 −m3
] [ −14 −259
35 −196
] [
0 0
0 0
]
We have already mentioned that knots 1069, 10101, 10115 and 10160 also have
Alexander polynomials that do not factorize. It is remarkable that they do
not have type I colouring matrices according to our calculations and accord-
ing to [15] but somehow behave like type I. Indeed the number of colourings
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using thousands of linear quandles coincides with the number obtained using
the expression for type I matrices. Presumably this means that a general
formula for the number of colourings reduces to the type I formula in these
cases because of some specific feature.
9 Colourings and the Alexander polynomial
In this section we show that given two knots with triangularizable colouring
matrices but different Alexander polynomials, a linear finite Alexander quan-
dle can be exhibited that distinguishes the two knots by colourings. Note
that this holds for any two knots which give triangularized matrices (they do
not have to be type I or type II, they can be any type).
Firstly we note that there is an upper bound for the number of colourings of
a triangular colouring matrix in any quandle.
Proposition 23 Let K be a knot and A an N × N triangularized colour-
ing matrix for K, with diagonal entries aii(m), i = 1, ..., N − 1. Then
the number of colourings of K in any linear finite Alexander quandle Q =
Zn[T, T
−1]/(T −m) satisfies CQ(K) ≤ n×ΠN−1i=1 gcd(aii(m), n).
Proof. Trivial: We look for solutions upwards, starting with XN . There will
be n solutions XN = 0, . . . , n− 1 which are possible values for XN . Fix one
such value XN = v. We now see for XN = v how many solutions there are for
the other variables. The penultimate equation is aN−1N−1XN−1−aN−1N−1v =
0 mod n, since aN−1N = −aN−1N−1. There are gcd(aN−1N−1, n) solutions of
this equation. Therefore we have n× gcd(aN−1N−1, n) solutions for XN and
XN−1. Now for each pair of values for XN = v1 and XN−1 = v2 the equation
in row N − 2 becomes aN−2N−2XN−2 + aN−2N−1v2 + aN−2Nv1 = 0 mod n.
If each of these equations admits any solution then the number of solutions
will be gcd(aN−2N−2, n). Therefore there are at most n× gcd(aN−1N−1, n)×
gcd(aN−2N−2, n) solutions for XN , XN−1 and XN−2. The considerations for
the other rows are similar.
We now show that when n is a multiple of all the aii(m) the inequality
becomes an equality.
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Proposition 24 Let K be a knot and A a N×N triangular colouring matrix
for K, with diagonal entries aii(m), i = 1, ..., N−1. Given coprime 1 < m <
n such that aii(m) 6= 0, for all of i = 1, ..., N − 1, and furthermore such that
n is a multiple of all the aii(m), i = 1, ..., N − 1, the number of colourings
of K in the linear finite Alexander quandle Q = Zn[T, T
−1]/(T − m) is
CQ(K) = n×ΠN−1i=1 gcd(aii(m), n) = n× |AlexK(m)|.
Proof. First it is convenient to rewrite the equations AX = 0 mod n in terms
of the variables Yi = Xi − XN , for i = 1, ..., N − 1. The final row remains
unchanged but every other row aii(m)Xi + ...+ aiN−1(m)XN−1 + aiN(m)XN
can be rewritten as aii(m)Yi + ... + aiN−1(m)YN−1(m) since the entries add
up to zero and therefore aiN = −(aii + ... + aiN−1).
In the proof we use the fact that gcd(aii(m), n) = |aii(m)| since n is a multiple
of each aii(m) 6= 0. That n is a multiple of each aii(m) can be written as
n = c×ΠN−1i=1 |aii(m)|. We now show by induction that, given solutions for the
rows below the ith row, there are gcd(aii(m), n) = |aii(m)| solutions for row
i. It is convenient to write i = N − j and use j for induction. We show that
there are gcd(aN−jN−j(m), n) solutions for YN−j and also that each solution
is a multiple of ΠN−j−1k=1 akk(m), the product of the diagonal entries in the
rows above the ith row.
For j = 1 we have gcd(aN−1N−1(m), n) solutions of YN−1 (recall the proof of
proposition 10) . The solutions are k× n
gcd(aN−1N−1(m),n)
= k× c×ΠN−1i=1 |aii(m)|
|aN−1N−1(m)|
=
k × c×ΠN−2i=1 |aii(m)| = k1 × ΠN−2i=1 aii(m).
Now for j > 1 the equation is aN−jN−j(m)YN−j+aN−jN−j+1(m)YN−j+1+ ...+
aN−jN−1(m)YN−1 = 0 mod n. Choosing a solution for each YN−j+1, ..., YN−1
by the induction hypothesis we obtain aN−jN−j(m)YN−j + aN−jN−j+1(m)×
kj−1Π
N−j
i=1 aii(m) + . . . + aN−jN−1(m) × k1ΠN−2i=1 aii(m) = 0 mod n. Since all
terms except the first include the factor ΠN−ji=1 aii(m) we can rearrange this
equation as aN−jN−j(m)YN−j+β(m)×ΠN−ji=1 aii(m) = 0 mod n. Now we have
that gcd(aN−jN−j(m), n) = |aN−jN−j(m)| and the independent term β(m)×
ΠN−ji=1 aii(m) is divisible by aN−jN−j(m) so there are gcd(aN−jN−j(m), n) =
|aN−jN−j(m)| solutions, as follows from the linear congruence theorem. More-
over, aN−jN−j(m)YN−j + β(m)×ΠN−ji=1 aii(m) = 0 mod n can be equivalently
rewritten as
aN−jN−j(m)
(
YN−j + β(m)× ΠN−j−1i=1 aii(m)
)
= 0 mod n
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One solution of this equation is YN−j = x0 = −β(m) × ΠN−j−1i=1 aii(m). Any
other solution is of the form x0+ k
′ n
gcd(aN−jN−j (m),n)
. Now it is easy to check
that both x0 and k
′ c×Π
N−1
i=1 aii(m)
|aN−jN−j (m)|
are multiples of ΠN−j−1i=1 aii(m) and therefore
so is each solution of the equation. This ends the proof by induction. The
final result follows easily: there are n solutions for XN and each solution for
Yi = Xi−XN yields a solution forXi. Therefore there are n×ΠN−1i=1 |aii(m)| =
n× |AlexK(m)| solutions.
The main result of this section follows.
Proposition 25 Let K1 and K2 be knots with different Alexander polyno-
mials AlexK1(m) 6= AlexK2(m). Assume furthermore that their colouring
matrices are triangularizable. Then there is a linear Alexander quandle that
distinguishes them.
Proof. Since the Alexander polynomials are different there will be an infinite
number of values of m such that |AlexK1(m)| 6= |AlexK2(m)|. Let A be an
N1×N1 triangular matrix for K1 and B be an N2×N2 triangular matrix for
K2. There are also an infinite number of values of m such that additionally
aii(m) 6= 0, where aii(m), i = 1, ..., N1 − 1 are all but the final diagonal
entries of A and also such that bii(m) 6= 0, where bii(m), i = 1, ..., N2 −
1 are all but the final diagonal entries of B. Such values of m are those
that are not solutions of any of the equations aii(m) = 0, i = 1, ..., N1 − 1,
bii(m) = 0, i = 1, ..., N2 − 1, or AlexK1(m) = AlexK2(m) or AlexK1(m) =
−AlexK2(m). We need a final condition on m: that m is coprime with all
aii(m), i = 1, ..., N1 − 1 and all bii(m), i = 1, ..., N2 − 1. To find such an
m multiply (if needed) the diagonal entries by a power of m so that they
become polynomials without negative powers of m and a non-zero constant
term. An m that is coprime with the constant term of the normalized p(m)
is coprime with p(m). There will also be an infinite number of such values of
m, for example the prime numbers that are coprime with the constant terms
of aii(m), i = 1, ..., N1−1 and bii(m), i = 1, ..., N2−1. This m is coprime with
ΠN1−1i=1 |aii(m)| × ΠN2−1i=1 |bii(m)| = |AlexK1(m)| × |AlexK2(m)|. Let M denote
ΠN1−1i=1 |aii(m)| × ΠN2−1i=1 |bii(m)| = |AlexK1(m)| × |AlexK2(m)|.
Choose n to be a multiple of M bigger that m and coprime with m. If
M > m then choose n = M . Otherwise multiply M by the first prime bigger
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than m. We now have coprime 1 < m < n and n satisfying the conditions of
proposition 24 for both knots K1 and K2. Therefore the number of colourings
of K1 and K2 in the linear finite Alexander quandle Q = Zn[T, T
−1]/(T −m)
satisfies
CQ(K1) = n× |AlexK1(m)| 6= n× |AlexK2(m)| = CQ(K2).
We now illustrate the previous result with some examples.
Example 26 Firstly we consider distinguishing two type I knots K1 and
K2 with different Alexander polynomials. Their triangularized matrices have
one final row of zeros, the Alexander polynomial in the penultimate diagonal
entry and 1’s in all other diagonal entries. We have to find an m such
that a) |AlexK1(m)| 6= |AlexK2(m)|; b) all diagonal entries except the last are
non-zero and c) m is coprime with all diagonal entries.
In this case this simplifies to a) |AlexK1(m)| 6= |AlexK2(m)|; b) AlexK1(m) 6= 0
and AlexK2(m) 6= 0 and c) m is coprime with AlexK1(m) and AlexK2(m).
Take for example knots K1 = 31 with Alexander polynomial 1−m+m2 and
K2 = 41 with Alexander polynomial 1 − 3m + m2. Solving 1 − m + m2 =
1−3m+m2 and 1−m+m2 = −(1−3m+m2) we obtain m = 0 and m = 1.
The equations 1−m+m2 = 0 and 1−3m+m2 = 0 have no integer solutions.
So any value of m > 1 satisfies a) and b). Condition c) is fulfilled for m
coprime with the constant term of each Alexander polynomials that happens
to be 1 in both cases. Therefore any m > 1 will do. Choose m = 2. Now
|AlexK1(2)| × |AlexK2(2)| = 3 × 1 = 3. Since 3 is coprime with 2 we can
choose n = 3 and the quandle with m = 2, n = 3 distinguishes the two knots.
Indeed, the number of colourings of 31 is 3 × gcd(3, 3) = 3 × 3 = 9 and the
number of colourings of 41 is 3× gcd(−1, 3) = 3× 1 = 3.
Example 27 Consider now knots K1 = 10137 (type I) with Alexander poly-
nomial 1− 6m+ 11m2 − 6m3 +m4 and K2 = 10155 (type II) with Alexander
polynomial 1− 3m+ 5m2 − 7m3 + 5m4 − 3m5 +m6. The relevant entries of
the triangularized colouring matrix for 10155 are the following:
( −1 + 2m−m2 +m3 0
0 −1 +m− 2m2 +m3
)
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The equation 1 − 6m + 11m2 − 6m3 +m4 = 1 − 3m + 5m2 − 7m3 + 5m4 −
3m5 + m6 has two integer solutions, m = −1 and m = 0, the equation
1−6m+11m2−6m3+m4 = −(1−3m+5m2−7m3+5m4−3m5+m6) has
one integer solution m = 1, and the equations 1−6m+11m2−6m3+m4 = 0,
−1 + 2m − m2 + m3 = 0 and −1 + m − 2m2 + m3 = 0 have no integer
solutions. We can choose m = 2 because it is coprime with the constant term
of 1− 6m+11m2− 6m3+m4, −1+2m−m2+m3 and −1+m− 2m2+m3.
Thus we can choose n = 7 since |AlexK1(2)| × |AlexK2(2)| = 1× 7 = 7.
We now confirm that this quandle distinguishes the knots. The number of
colourings of knot 10137 for this quandle is CQ(K1) = n×gcd(AlexK1(2), n) =
7× gcd(1, 7) = 7. To determine the number of colourings of knot 10155 note
that α1(m) = −1+2m−m2+m3, β1(m) = 0 and α2(m) = −1+m−2m2+m3.
For m = 2, α1(2) = 7 and α2(2) = 1. Therefore CQ(K2) = 7 × gcd(1, 7) ×
gcd(0, gcd(7, 7)) = 7× 1× gcd(7, 7) = 7× 7 = 49.
Example 28 Consider now knots K1 = 818 (type II) with Alexander poly-
nomial 1−5m+10m2−13m3+10m4−5m5+m6 and K2 = 937 (type II) with
Alexander polynomial 2 − 11m + 19m2 − 11m3 + 2m4. Their triangularized
colouring matrices are the following:
818 :
( −1 +m−m2 m−m2 +m3
0 1− 4m+ 5m2 − 4m3 +m4
)
937 :
(
1− 2m m+m2
0 −2 + 7m− 5m2 +m3
)
The equation |AlexK1(m)| = |AlexK2(m)| has m = −1 and m = 1 as its only
integer roots. The equations −1+m−m2 = 0, 1−4m+5m2−4m3+m4 = 0
and 1−2m = 0 have no integer roots. The equation −2+7m−5m2+m3 = 0
has m = 2 as only integer root. Therefore we may choose m = 3 which
moreover is coprime with both constant terms in the diagonal entries. The
product |AlexK1(m)| × |AlexK2(m)| yields 49 × 5 = 245 so we can choose
n = 245.
To determine the number of colourings of knot 818 note that α1(m) = −1 +
m−m2, β1(m) = m−m2+m3 and α2(m) = 1− 4m+5m2− 4m3+m4. For
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m = 3, α1(3) = −7, β1(3) = 21 and α2(3) = 7. CQ(K1) = 245×gcd(7, 245)×
gcd(21 245
gcd(7,245)
, gcd(7, 245)) = 245×7×gcd(21×35, 7) = 245×7×7 = 12005.
Now for knot 937, α1(m) = 1 − 2m, β1(m) = m + m2 and α2(m) = −2 +
7m − 5m2 + m3. For m = 3, α1(3) = −5, β1(3) = 12 and α2(3) = 1.
CQ(K2) = 245 × gcd(1, 245) × gcd(12 245gcd(1,245) , gcd(−5, 245)) = 245 × 1 ×
gcd(12245
1
, 5) = 245× 1× 5 = 1225.
10 Acknowledgements
We thank Pedro Lopes from the Department of Mathematics of IST for
ideas that led to this research; Eduardo Marques de Sa´ from the Depart-
ment of Mathematics of the University of Coimbra for help with results on
the diagonalization of matrices and J. Scott Carter from the Department of
Mathematics and Statistics of the University of South Alabama for useful
discussions in Lisbon.
11 Conclusions and Further Work
We have presented general expressions for the number of colourings of prime
knots using linear Alexander quandles when the colouring matrices can be
triangularized into one of two forms.
These expressions allow us to conclude that knots with different Alexander
polynomials (and colouring matrices that have an equivalent triangularized
form) are distinguishable by colourings. We have obtained such a triangular
form for all but 12 knots with up to ten crossings. In 5 exceptional cases
we prove that no triangular form exists. We were also able to make state-
ments about knots with the same Alexander polynomial concerning when
the number of colourings distinguishes or does not distinguish the knots.
We conjecture that the condition above on the triangularizability of the
colouring matrices can be dropped and that knots with different Alexander
polynomials can always be distinguished by colourings. Moreover, we expect
that similar methods can be applied to knots having more that ten crossings.
36
Indeed, the simplification algorithms apply to any knots. For knots with more
than ten crossings that have equivalent type I or type II matrices we already
have a general formula. A natural direction for future work is to try and find
general expressions for the number of solutions when the simplified colour-
ing matrix is of a more general triangular or non-triangular type. This may
also help to elucidate why we were unable to prove that 4 more knots with
non-properly factorizable Alexander polynomials have non-triangularizable
colouring matrices.
A Non-triangularized matrices
We were unable to triangularize the colouring matrices for the following 12
knots where we display the relevant entries in the penultimate two rows and
columns as in section 7. Note that the colouring matrices of 941 and 10108
can be triangularized if more general column operations are allowed yielding
type II and type I matrices respectively.
935 :
(
2−m −1−m
−3 −2 + 7m
)
938 :
( −1 +m+m2 4− 4m
−5 + 7m 15− 19m+ 5m2
)
941 :
( −1 +m2 4m− 3m2
−4 + 3m 13m− 12m2 + 3m3
)
947 :
( −1 + 4m−m2 −2−m−m2 +m3
2− 7m 3 + 4m+ 2m2 −m4
)
948 :
(
2−m 2− 8m+ 7m2 −m3
3 3− 10m+ 2m2 + 5m3 −m4
)
949 :
( −2−m+m2 3−m−m2 − 2m3
3− 2m −3 + 3m+m2
)
1069 :
(
m−m2 −m3 1− 6m+ 10m2 − 2m3
1− 2m+ 2m2 −1 + 2m− 4m2 +m3
)
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10101 :
(
3− 5m+ 3m2 −3 + 11m− 15m2 + 7m3
1−m+m3 −1 + 3m− 5m2 + 2m3
)
10108 :
( −3m−m2 −3 + 8m− 10m2 + 12m3 − 10m4 + 6m5 − 2m6
−11m −11 + 33m− 47m2 + 57m3 − 51m4 + 34m5 − 14m6 + 2m7
)
10115 :
(
1−m+m2 −3 + 3m−m2
2m 1− 14m+ 17m2 − 8m3 +m4
)
10157 :
(
4− 3m −7 + 12m− 9m2 + 6m3 −m4
−1 +m2 2− 3m+m2 −m3
)
10160 :
( −3m 1 +m+ 3m2 − 3m3 − 2m4 +m5
−2m+m2 1−m+ 3m2 − 4m3 +m4
)
B Type II colouring matrices
In this section we list the relevant entries of the 21 type II matrices obtained
from colouring matrices using row operations and swapping of columns. Note
that the colouring matrices of knots 10106 and 10147 can be simplified (become
type I) if more general column operations are allowed. The relevant entries
of type II matrices are :
[
α1(m) β1(m)
0 α2(m)
]
Given a linear Alexander quandle Q = Zn[t, t
−1] / (t − m) the number of
colourings is
CQ(K) = n× gcd(α2(m), n)× gcd(β1(m) n
gcd(α2(m), n)
, gcd(α1(m), n)).
818 :
( −1 +m−m2 m−m2 +m3
0 1− 4m+ 5m2 − 4m3 +m4
)
937 :
(
1− 2m m+m2
0 −2 + 7m− 5m2 +m3
)
38
940 :
(
1− 4m+ 5m2 − 4m3 +m4 0
0 −1 + 3m−m2
)
946 :
(
2−m −3
0 1− 2m
)
1061 :
( −1 +m−m2 1 +m−m2
0 2− 3m+m2 − 3m3 + 2m4
)
1063 :
( −1 +m−m2 2m2
0 −5 + 9m− 5m2
)
1065 :
( −1 +m−m2 −1 +m+m2
0 2− 5m+ 7m2 − 5m3 + 2m4
)
1074 :
( −1 + 2m 0
0 −4 + 8m− 7m2 + 2m3
)
1075 :
(
1− 4m+ 3m2 −m3 −1 + 2m
0 1− 3m+ 4m2 −m3
)
1098 :
( −2 + 3m− 3m2 +m3 1−m+m2
0 −1 + 3m− 3m2 + 2m3
)
1099 :
(
1− 2m+ 3m2 − 2m3 +m4 0
0 1− 2m+ 3m2 − 2m3 +m4
)
10103 :
( −1 + 2m− 2m2 −1 + 2m−m2 +m3
0 2− 4m+ 5m2 − 3m3 +m4
)
10106 :
(
1−m+ 2m2 −m3 −m+ 2m2 − 2m3 +m4
0 −1 + 3m− 4m2 + 4m3 − 2m4 +m5
)
10122 :
(
1− 4m+ 5m2 − 4m3 +m4 −1 + 3m−m2
0 −2 + 3m− 2m2
)
10123 :
(
1− 3m+ 3m2 − 3m3 +m4 0
0 1− 3m+ 3m2 − 3m3 +m4
)
10140 :
(
1−m+m2 −2m2
0 1−m+m2
)
10142 :
( −1 +m−m2 1 +m−m2
0 −2 +m+m2 +m3 − 2m4
)
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10144 :
( −1 +m−m2 2m
0 −3 + 7m− 3m2
)
10147 :
(
1− 2m −1 + 4m− 3m2
0 2− 3m+ 3m2 −m3
)
10155 :
( −1 + 2m−m2 +m3 0
0 −1 +m− 2m2 +m3
)
10164 :
( −1 +m−m2 3− 6m+ 4m2 −m3
0 1− 4m+ 7m2 − 4m3 +m4
)
C Type I colouring matrices
In this section we list the 216 knots with colouring matrices that are equiv-
alent to type I matrices and their Alexander polynomials.
Note that in this case the number of colourings in a linear Alexander quandle
Q = Zn[t, t
−1] / (t−m) is given by
CQ(K) = n× gcd(Alex(m), n)
where Alex(m) is the Alexander polynomial of the knot.
31 : 1−m+m2
41 : 1− 3m+m2
51 : 1−m+m2 −m3 +m4
52 : 2− 3m+ 2m2
61 : 2− 5m+ 2m2
62 : 1− 3m+ 3m2 − 3m3 +m4
63 : 1− 3m+ 5m2 − 3m3 +m4
71 : 1−m+m2 −m3 +m4 −m5 +m6
72 : 3− 5m+ 3m2
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73 : 2− 3m+ 3m2 − 3m3 + 2m4
74 : 4− 7m+ 4m2
75 : 2− 4m+ 5m2 − 4m3 + 2m4
76 : 1− 5m+ 7m2 − 5m3 +m4
77 : 1− 5m+ 9m2 − 5m3 +m4
81 : 3− 7m+ 3m2
82 : 1− 3m+ 3m2 − 3m3 + 3m4 − 3m5 +m6
83 : 4− 9m+ 4m2
84 : 2− 5m+ 5m2 − 5m3 + 2m4
85 : 1− 3m+ 4m2 − 5m3 + 4m4 − 3m5 +m6
86 : 2− 6m+ 7m2 − 6m3 + 2m4
87 : 1− 3m+ 5m2 − 5m3 + 5m4 − 3m5 +m6
88 : 2− 6m+ 9m2 − 6m3 + 2m4
89 : 1− 3m+ 5m2 − 7m3 + 5m4 − 3m5 +m6
810 : 1− 3m+ 6m2 − 7m3 + 6m4 − 3m5 +m6
811 : 2− 7m+ 9m2 − 7m3 + 2m4
812 : 1− 7m+ 13m2 − 7m3 +m4
813 : 2− 7m+ 11m2 − 7m3 + 2m4
814 : 2− 8m+ 11m2 − 8m3 + 2m4
815 : 3− 8m+ 11m2 − 8m3 + 3m4
816 : 1− 4m+ 8m2 − 9m3 + 8m4 − 4m5 +m6
817 : 1− 4m+ 8m2 − 11m3 + 8m4 − 4m5 +m6
819 : 1−m+m3 −m5 +m6
820 : 1− 2m+ 3m2 − 2m3 +m4
821 : 1− 4m+ 5m2 − 4m3 +m4
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91 : 1−m+m2 −m3 +m4 −m5 +m6 −m7 +m8
92 : 4− 7m+ 4m2
93 : 2− 3m+ 3m2 − 3m3 + 3m4 − 3m5 + 2m6
94 : 3− 5m+ 5m2 − 5m3 + 3m4
95 : 6− 11m+ 6m2
96 : 2− 4m+ 5m2 − 5m3 + 5m4 − 4m5 + 2m6
97 : 3− 7m+ 9m2 − 7m3 + 3m4
98 : 2− 8m+ 11m2 − 8m3 + 2m4
99 : 2− 4m+ 6m2 − 7m3 + 6m4 − 4m5 + 2m6
910 : 4− 8m+ 9m2 − 8m3 + 4m4
911 : 1− 5m+ 7m2 − 7m3 + 7m4 − 5m5 +m6
912 : 2− 9m+ 13m2 − 9m3 + 2m4
913 : 4− 9m+ 11m2 − 9m3 + 4m4
914 : 2− 9m+ 15m2 − 9m3 + 2m4
915 : 2− 10m+ 15m2 − 10m3 + 2m4
916 : 2− 5m+ 8m2 − 9m3 + 8m4 − 5m5 + 2m6
917 : 1− 5m+ 9m2 − 9m3 + 9m4 − 5m5 +m6
918 : 4− 10m+ 13m2 − 10m3 + 4m4
919 : 2− 10m+ 17m2 − 10m3 + 2m4
920 : 1− 5m+ 9m2 − 11m3 + 9m4 − 5m5 +m6
921 : 2− 11m+ 17m2 − 11m3 + 2m4
922 : 1− 5m+ 10m2 − 11m3 + 10m4 − 5m5 +m6
923 : 4− 11m+ 15m2 − 11m3 + 4m4
924 : 1− 5m+ 10m2 − 13m3 + 10m4 − 5m5 +m6
925 : 3− 12m+ 17m2 − 12m3 + 3m4
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926 : 1− 5m+ 11m2 − 13m3 + 11m4 − 5m5 +m6
927 : 1− 5m+ 11m2 − 15m3 + 11m4 − 5m5 +m6
928 : 1− 5m+ 12m2 − 15m3 + 12m4 − 5m5 +m6
929 : 1− 5m+ 12m2 − 15m3 + 12m4 − 5m5 +m6
930 : 1− 5m+ 12m2 − 17m3 + 12m4 − 5m5 +m6
931 : 1− 5m+ 13m2 − 17m3 + 13m4 − 5m5 +m6
932 : 1− 6m+ 14m2 − 17m3 + 14m4 − 6m5 +m6
933 : 1− 6m+ 14m2 − 19m3 + 14m4 − 6m5 +m6
934 : 1− 6m+ 16m2 − 23m3 + 16m4 − 6m5 +m6
936 : 1− 5m+ 8m2 − 9m3 + 8m4 − 5m5 +m6
939 : 3− 14m+ 21m2 − 14m3 + 3m4
942 : 1− 2m+m2 − 2m3 +m4
943 : 1− 3m+ 2m2 −m3 + 2m4 − 3m5 +m6
944 : 1− 4m+ 7m2 − 4m3 +m4
945 : 1− 6m+ 9m2 − 6m3 +m4
101 : 4− 9m+ 4m2
102 : 1− 3m+ 3m2 − 3m3 + 3m4 − 3m5 + 3m6 − 3m7 +m8
103 : 6− 13m+ 6m2
104 : 3− 7m+ 7m2 − 7m3 + 3m4
105 : 1− 3m+ 5m2 − 5m3 + 5m4 − 5m5 + 5m6 − 3m7 +m8
106 : 2− 6m+ 7m2 − 7m3 + 7m4 − 6m5 + 2m6
107 : 3− 11m+ 15m2 − 11m3 + 3m4
108 : 2− 5m+ 5m2 − 5m3 + 5m4 − 5m5 + 2m6
109 : 1− 3m+ 5m2 − 7m3 + 7m4 − 7m5 + 5m6 − 3m7 +m8
1010 : 3− 11m+ 17m2 − 11m3 + 3m4
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1011 : 4− 11m+ 13m2 − 11m3 + 4m4
1012 : 2− 6m+ 10m2 − 11m3 + 10m4 − 6m5 + 2m6
1013 : 2− 13m+ 23m2 − 13m3 + 2m4
1014 : 2− 8m+ 12m2 − 13m3 + 12m4 − 8m5 + 2m6
1015 : 2− 6m+ 9m2 − 9m3 + 9m4 − 6m5 + 2m6
1016 : 4− 12m+ 15m2 − 12m3 + 4m4
1017 : 1− 3m+ 5m2 − 7m3 + 9m4 − 7m5 + 5m6 − 3m7 +m8
1018 : 4− 14m+ 19m2 − 14m3 + 4m4
1019 : 2− 7m+ 11m2 − 11m3 + 11m4 − 7m5 + 2m6
1020 : 3− 9m+ 11m2 − 9m3 + 3m4
1021 : 2− 7m+ 9m2 − 9m3 + 9m4 − 7m5 + 2m6
1022 : 2− 6m+ 10m2 − 13m3 + 10m4 − 6m5 + 2m6
1023 : 2− 7m+ 13m2 − 15m3 + 13m4 − 7m5 + 2m6
1024 : 4− 14m+ 19m2 − 14m3 + 4m4
1025 : 2− 8m+ 14m2 − 17m3 + 14m4 − 8m5 + 2m6
1026 : 2− 7m+ 13m2 − 17m3 + 13m4 − 7m5 + 2m6
1027 : 2− 8m+ 16m2 − 19m3 + 16m4 − 8m5 + 2m6
1028 : 4− 13m+ 19m2 − 13m3 + 4m4
1029 : 1− 7m+ 15m2 − 17m3 + 15m4 − 7m5 +m6
1030 : 4− 17m+ 25m2 − 17m3 + 4m4
1031 : 4− 14m+ 21m2 − 14m3 + 4m4
1032 : 2− 8m+ 15m2 − 19m3 + 15m4 − 8m5 + 2m6
1033 : 4− 16m+ 25m2 − 16m3 + 4m4
1034 : 3− 9m+ 13m2 − 9m3 + 3m4
1035 : 2− 12m+ 21m2 − 12m3 + 2m4
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1036 : 3− 13m+ 19m2 − 13m3 + 3m4
1037 : 4− 13m+ 19m2 − 13m3 + 4m4
1038 : 4− 15m+ 21m2 − 15m3 + 4m4
1039 : 2− 8m+ 13m2 − 15m3 + 13m4 − 8m5 + 2m6
1040 : 2− 8m+ 17m2 − 21m3 + 17m4 − 8m5 + 2m6
1041 : 1− 7m+ 17m2 − 21m3 + 17m4 − 7m5 +m6
1042 : 1− 7m+ 19m2 − 27m3 + 19m4 − 7m5 +m6
1043 : 1− 7m+ 17m2 − 23m3 + 17m4 − 7m5 +m6
1044 : 1− 7m+ 19m2 − 25m3 + 19m4 − 7m5 +m6
1045 : 1− 7m+ 21m2 − 31m3 + 21m4 − 7m5 +m6
1046 : 1− 3m+ 4m2 − 5m3 + 5m4 − 5m5 + 4m6 − 3m7 +m8
1047 : 1− 3m+ 6m2 − 7m3 + 7m4 − 7m5 + 6m6 − 3m7 +m8
1048 : 1− 3m+ 6m2 − 9m3 + 11m4 − 9m5 + 6m6 − 3m7 +m8
1049 : 3− 8m+ 12m2 − 13m3 + 12m4 − 8m5 + 3m6
1050 : 2− 7m+ 11m2 − 13m3 + 11m4 − 7m5 + 2m6
1051 : 2− 7m+ 15m2 − 19m3 + 15m4 − 7m5 + 2m6
1052 : 2− 7m+ 13m2 − 15m3 + 13m4 − 7m5 + 2m6
1053 : 6− 18m+ 25m2 − 18m3 + 6m4
1054 : 2− 6m+ 10m2 − 11m3 + 10m4 − 6m5 + 2m6
1055 : 5− 15m+ 21m2 − 15m3 + 5m4
1056 : 2− 8m+ 14m2 − 17m3 + 14m4 − 8m5 + 2m6
1057 : 2− 8m+ 18m2 − 23m3 + 18m4 − 8m5 + 2m6
1058 : 3− 16m+ 27m2 − 16m3 + 3m4
1059 : 1− 7m+ 18m2 − 23m3 + 18m4 − 7m5 +m6
1060 : 1− 7m+ 20m2 − 29m3 + 20m4 − 7m5 +m6
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1062 : 1− 3m+ 6m2 − 8m3 + 9m4 − 8m5 + 6m6 − 3m7 +m8
1064 : 1− 3m+ 6m2 − 10m3 + 11m4 − 10m5 + 6m6 − 3m7 +m8
1066 : 3− 9m+ 16m2 − 19m3 + 16m4 − 9m5 + 3m6
1067 : 4− 16m+ 23m2 − 16m3 + 4m4
1068 : 4− 14m+ 21m2 − 14m3 + 4m4
1070 : 1− 7m+ 16m2 − 19m3 + 16m4 − 7m5 +m6
1071 : 1− 7m+ 18m2 − 25m3 + 18m4 − 7m5 +m6
1072 : 2− 9m+ 16m2 − 19m3 + 16m4 − 9m5 + 2m6
1073 : 1− 7m+ 20m2 − 27m3 + 20m4 − 7m5 +m6
1076 : 2− 7m+ 12m2 − 15m3 + 12m4 − 7m5 + 2m6
1077 : 2− 7m+ 14m2 − 17m3 + 14m4 − 7m5 + 2m6
1078 : 1− 7m+ 16m2 − 21m3 + 16m4 − 7m5 +m6
1079 : 1− 3m+ 7m2 − 12m3 + 15m4 − 12m5 + 7m6 − 3m7 +m8
1080 : 3− 9m+ 15m2 − 17m3 + 15m4 − 9m5 + 3m6
1081 : 1− 8m+ 20m2 − 27m3 + 20m4 − 8m5 +m6
1082 : 1− 4m+ 8m2 − 12m3 + 13m4 − 12m5 + 8m6 − 4m7 +m8
1083 : 2− 9m+ 19m2 − 23m3 + 19m4 − 9m5 + 2m6
1084 : 2− 9m+ 20m2 − 25m3 + 20m4 − 9m5 + 2m6
1085 : 1− 4m+ 8m2 − 10m3 + 11m4 − 10m5 + 8m6 − 4m7 +m8
1086 : 2− 9m+ 19m2 − 25m3 + 19m4 − 9m5 + 2m6
1087 : 2− 9m+ 18m2 − 23m3 + 18m4 − 9m5 + 2m6
1088 : 1− 8m+ 24m2 − 35m3 + 24m4 − 8m5 +m6
1089 : 1− 8m+ 24m2 − 33m3 + 24m4 − 8m5 +m6
1090 : 2− 8m+ 17m2 − 23m3 + 17m4 − 8m5 + 2m6
1091 : 1− 4m+ 9m2 − 14m3 + 17m4 − 14m5 + 9m6 − 4m7 +m8
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1092 : 2− 10m+ 20m2 − 25m3 + 20m4 − 10m5 + 2m6
1093 : 2− 8m+ 15m2 − 17m3 + 15m4 − 8m5 + 2m6
1094 : 1− 4m+ 9m2 − 14m3 + 15m4 − 14m5 + 9m6 − 4m7 +m8
1095 : 2− 9m+ 21m2 − 27m3 + 21m4 − 9m5 + 2m6
1096 : 1− 7m+ 22m2 − 33m3 + 22m4 − 7m5 +m6
1097 : 5− 22m+ 33m2 − 22m3 + 5m4
10100 : 1− 4m+ 9m2 − 12m3 + 13m4 − 12m5 + 9m6 − 4m7 +m8
10102 : 2− 8m+ 16m2 − 21m3 + 16m4 − 8m5 + 2m6
10104 : 1− 4m+ 9m2 − 15m3 + 19m4 − 15m5 + 9m6 − 4m7 +m8
10105 : 1− 8m+ 22m2 − 29m3 + 22m4 − 8m5 +m6
10107 : 1− 8m+ 22m2 − 31m3 + 22m4 − 8m5 +m6
10109 : 1− 4m+ 10m2 − 17m3 + 21m4 − 17m5 + 10m6 − 4m7 +m8
10110 : 1− 8m+ 20m2 − 25m3 + 20m4 − 8m5 +m6
10111 : 2− 9m+ 17m2 − 21m3 + 17m4 − 9m5 + 2m6
10112 : 1− 5m+ 11m2 − 17m3 + 19m4 − 17m5 + 11m6 − 5m7 +m8
10113 : 2− 11m+ 26m2 − 33m3 + 26m4 − 11m5 + 2m6
10114 : 2− 10m+ 21m2 − 27m3 + 21m4 − 10m5 + 2m6
10116 : 1− 5m+ 12m2 − 19m3 + 21m4 − 19m5 + 12m6 − 5m7 +m8
10117 : 2− 10m+ 24m2 − 31m3 + 24m4 − 10m5 + 2m6
10118 : 1− 5m+ 12m2 − 19m3 + 23m4 − 19m5 + 12m6 − 5m7 +m8
10119 : 2− 10m+ 23m2 − 31m3 + 23m4 − 10m5 + 2m6
10120 : 8− 26m+ 37m2 − 26m3 + 8m4
10121 : 2− 11m+ 27m2 − 35m3 + 27m4 − 11m5 + 2m6
10124 : 1−m+m3 −m4 +m5 −m7 +m8
10125 : 1− 2m+ 2m2 −m3 + 2m4 − 2m5 +m6
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10126 : 1− 2m+ 4m2 − 5m3 + 4m4 − 2m5 +m6
10127 : 1− 4m+ 6m2 − 7m3 + 6m4 − 4m5 +m6
10128 : 2− 3m+m2 +m3 +m4 − 3m5 + 2m6
10129 : 2− 6m+ 9m2 − 6m3 + 2m4
10130 : 2− 4m+ 5m2 − 4m3 + 2m4
10131 : 2− 8m+ 11m2 − 8m3 + 2m4
10132 : 1−m+m2 −m3 +m4
10133 : 1− 5m+ 7m2 − 5m3 +m4
10134 : 2− 4m+ 4m2 − 3m3 + 4m4 − 4m5 + 2m6
10135 : 3− 9m+ 13m2 − 9m3 + 3m4
10136 : 1− 4m+ 5m2 − 4m3 +m4
10137 : 1− 6m+ 11m2 − 6m3 +m4
10138 : 1− 5m+ 8m2 − 7m3 + 8m4 − 5m5 +m6
10139 : 1−m+ 2m3 − 3m4 + 2m5 −m7 +m8
10141 : 1− 3m+ 4m2 − 5m3 + 4m4 − 3m5 +m6
10143 : 1− 3m+ 6m2 − 7m3 + 6m4 − 3m5 +m6
10145 : 1 +m− 3m2 +m3 +m4
10146 : 2− 8m+ 13m2 − 8m3 + 2m4
10148 : 1− 3m+ 7m2 − 9m3 + 7m4 − 3m5 +m6
10149 : 1− 5m+ 9m2 − 11m3 + 9m4 − 5m5 +m6
10150 : 1− 4m+ 6m2 − 7m3 + 6m4 − 4m5 +m6
10151 : 1− 4m+ 10m2 − 13m3 + 10m4 − 4m5 +m6
10152 : 1−m−m2 + 4m3 − 5m4 + 4m5 −m6 −m7 +m8
10153 : 1−m−m2 + 3m3 −m4 −m5 +m6
10154 : 1− 4m2 + 7m3 − 4m4 +m6
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10156 : 1− 4m+ 8m2 − 9m3 + 8m4 − 4m5 +m6
10158 : 1− 4m+ 10m2 − 15m3 + 10m4 − 4m5 +m6
10159 : 1− 4m+ 9m2 − 11m3 + 9m4 − 4m5 +m6
10161 : 1− 2m2 + 3m3 − 2m4 +m6
10163 : 3− 9m+ 11m2 − 9m3 + 3m4
10165 : 3− 11m+ 17m2 − 11m3 + 3m4
10166 : 2− 10m+ 15m2 − 10m3 + 2m4
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